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Àííîòàöèÿ

Â ðàáîòå ïîëó÷åíû ïðÿìûå è îáðàòíûå òåîðåìû âëîæåíèÿ ðàçíûõ èç-

ìåðåíèé(òåîðåìû î ñëåäàõ) äëÿ �óíêöèé èç ìóëüòè-àíèçîòðîïíîãî ïðî-

ñòðàíñòâà Ñîáîëåâà W
N
2 (R3) â ñëó÷àå îäíîãî êëàññà âïîëíå ïðàâèëüíûõ

ìíîãîãðàííèêîâ N.

Êëþ÷åâûå ñëîâà è �ðàçû

âïîëíå ïðàâèëüíûé ìíîãîãðàííèê, ìóëüòèàíèçîòðîïíîå ïðîñòðàíñòâî

Ñîáîëåâà, ñëåä �óíêöèè.
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Abstra
t

In this paper, we obtain dire
t and inverse embedding theorems of di�erent

dimensions (tra
e theorems) for fun
tions from the multianisotropi
 Sobolev

spa
e W
N
2 (R3) in the 
ase of one 
lass of 
ompletely regular polyhedron N.
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Òåîðèÿ �óíêöèîíàëüíûõ ïðîñòðàíñòâ, ïîëó÷èâøèõ â íàñòîÿùåå âðåìÿ

íàçâàíèå ïðîñòðàíñòâ Ñîáîëåâà, øèðîêî èñïîëüçóåòñÿ â òåîðèè äè��å-

ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ìàòåìàòè÷åñêîé �èçèêå

è ìíîãî÷èñëåííûõ ïðèëîæåíèÿõ [1℄. Â äàëüíåéøåì áûëè ââåäåíû ðàçíûå

îáîáùåíèÿ ïðîñòðàíñòâ Ñîáîëåâà. Òåîðèÿ àíèçîòðîïíûõ ïðîñòðàíñòâ Ñî-

áîëåâà W
(l1,l2,...,ln)
p (Rn) â ñëó÷àå p = 2 ïîëíîñòüþ ðàçðàáîòàíî Ë. Í. Ñëî-

áîäåöêèì [2, 3℄. Ñëîáîäåöêèì òàêæå áûëî ââåäåíî îáîáùåíèå òàêèõ ïðî-

ñòðàíñòâ íà äðîáíûå ïîðÿäêè, ñ ïîìîùüþ ÷åãî áûëè ïîëó÷åíû ïðÿìûå

è îáðàòíûå òåîðåìû âëîæåíèÿ ðàçíûõ èçìåðåíèé äëÿ ýòèõ ïðîñòðàíñòâ.

Ïðè èçó÷åíèè íåêîòîðîãî êëàññà ãèïîýëëèïòè÷åñêèõ óðàâíåíèé, ââåäåí-

íîãî Ë. Õåðìàíäåðîì, âîçíèêëà íåîáõîäèìîñòü èçó÷åíèÿ ìóëüòèàíèçî-

òðîïíûõ �óíêöèîíàëüíûõ ïðîñòðàíñòâ Ñîáîëåâà WN

p (Rn), îïðåäåëÿåìûõ
ñ ïîìîùüþ âïîëíå ïðàâèëüíîãî ìíîãîãðàííèêà N [4℄ è êîòîðûå ÿâëÿþòñÿ

îáîáùåíèåì àíèçîòðîïíûõ ïðîñòðàíñòâ Ñîáîëåâà. Âïåðâûå ïðîñòðàíñòâà

òàêîãî òèïà èçó÷àëèñü â ðàáîòàõ Ñ. Ì. Íèêîëüñêîãî è Â. Ï. Ìèõàéëîâà.

Èññëåäîâàíèå ýòèõ ïðîñòðàíñòâ áûëî ïðîäîëæåíî â ðàáîòàõ �.�. Êàçàðÿíà.

�àçâèòèþ òåîðèè ìóëüòèàíîçîòðîïíûõ ïðîñòðàíñòâ ïîñâÿù¼í öèêë ðàáîò

�.À. Êàðàïåòÿíà [5, 6, 7, 8, 9, 10℄.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [11℄ àâòîðà, ãäå èçó÷à-

þòñÿ ñëåäû �óíêöèè f ∈ WN

2 (R3) è åå îáîáùåííûõ ïðîèçâîäíûõ Ds
x3
f(0 ≤

s < l) íà ãèïåðïëîñêîñòè x3 = a äëÿ îäíîãî ÷àñòíîãî òèïà ìóëüòèàíèçî-

òðîïíîãî ïðîñòðàíñòâà WN

2 (R3), ãäå òðåõìåðíûé âïîëíå ïðàâèëüíûé ìíî-

ãîãðàííèê N èç ñåáÿ ïðåäñòàâëÿåò ïèðàìèäó ñ âåðøèíîé (0, 0, l) è ñ îñíî-

âàíèåì N0. Â äàííîé ðàáîòå ïîëó÷åíû ðåçóëüòàòû äëÿ áîëåå îáùåãî âèäà

âïîëíå ïðàâèëüíûõ ìíîãîãðàííèêîâ, îáîáùàþùèå ðåçóëüòàòû ðàáîòû [11℄.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 144-155

Mat. Trudy, 2024, vol. 27, no. 2, pp. 144-155



146 Òåîðåìû âëîæåíèÿ ðàçíûõ èçìåðåíèé

� 2. Îïðåäåëåíèÿ, îáîçíà÷åíèÿ è âñïîìîãàòåëüíûå

ðåçóëüòàòû

Ïóñòü Rn − n�ìåðíîå åâêëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, x2, . . . , xn),
Z+ è Q+ − ìíîæåñòâà ñîîòâåòñòâåííî öåëûõ è ðàöèîíàëüíûõ íåîòðèöà-

òåëüíûõ ÷èñåë, Qn
+ − ìíîæåñòâî n�ìåðíûõ âåêòîðîâ ñ êîìïîíåíòàìè èç

Q+, Z
n
+ − ìíîæåñòâî n�ìåðíûõ ìóëüòèèíäåêñîâ α = (α1, α2, . . . , αn), ãäå

αj ∈ Z+, j = 1, 2, . . . , n. Äëÿ x, ξ ∈ Rn
, t ∈ Z+ è α ∈ Zn

+ îáîçíà÷èì

|α| := α1+ · · ·+αn, xξ =
∑n

k=1 xkξk, ξ
t := (ξt1, ξ

t
2, . . . , ξ

t
n), ξ

α := ξα1
1 ξα2

2 . . . ξαn
n ,

Dα := Dα1
x1
Dα2

x2
. . .Dαn

xn
, ïîíèìàåìàÿ êàê îáîáùåííàÿ ïðîèçâîäíàÿ ïî Ñ.Ë.

Ñîáîëåâó ïîðÿäêà α.
×åðåç S(Rn) îáîçíà÷èì êëàññ Øâàðöà áûñòðî óáûâàþùèõ íà áåñêîíå÷-

íîñòè �óíêöèé. ×åðåç F [ϕ] è F−1[ϕ] îáîçíà÷èì ñîîòâåòñòâåííî ïðÿìîå è

îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå �óíêöèè ϕ ∈ S(Rn).
Ïóñòü 1 ≤ k ≤ n, x = (x′, x′′), ξ = (ξ′, ξ′′), ãäå x′ = (x1, x2, . . . , xk) ∈ Rk

,

è x′′ = (xk+1, . . . , xn) ∈ Rn−k
. ×àñòè÷íîå ïðåîáðàçîâàíèå Ôóðüå �óíêöèè

ϕ(x) ∈ S(Rn) îòíîñèòåëüíî ãðóïïû ïåðåìåííûõ x′ è ÷àñòè÷íîå îáðàòíîå

ïðåîáðàçîâàíèå Ôóðüå �óíêöèè ψ(ξ) ∈ S(Rn) îòíîñèòåëüíî ãðóïïû ïå-

ðåìåííûõ ξ′ áóäåì îáîçíà÷èòü ÷åðåç Fx′[ϕ](ξ′, x′′) è F−1
ξ′ [ψ](x′, ξ′′) ñîîòâåò-

ñòâåííî.

Äëÿ çàäàííîãî íàáîðà âåêòîðîâ èç Qn
+ ÷åðåç N îáîçíà÷èì íàèìåíüøèé

âûïóêëûé ìíîãîãðàííèê, ñîäåðæàùèé âñå òî÷êè ýòîãî íàáîðà. Ìíîãîãðàí-

íèê N íàçûâàåòñÿ âïîëíå ïðàâèëüíûì, åñëè îí èìååò âåðøèíó â íà÷àëå

êîîðäèíàò è îòëè÷íîå îò íà÷àëà êîîðäèíàò âåðøèíû íà êàæäîé îñè êî-

îðäèíàò, à âíåøíèå íîðìàëè âñåõ (n− 1)�ìåðíûõ íåêîîðäèíàòíûõ ãðàíåé
èìåþò ïîëîæèòåëüíûå êîìïîíåíòû. Îáîçíà÷èì ÷åðåç rk (k = 1, 2, . . . ,M)
âåðøèíû ìíîãîãðàííèêà N, îòëè÷íûå îò íóëÿ, êîòîðûå áóäåì íàçûâàòü

ãëàâíûìè âåðøèíàìè. Äëÿ ïðîèçâîëüíîãî m ∈ Q+ ÷åðåç mN áóäåì îáî-

çíà÷èòü âïîëíå ïðàâèëüíûé ìíîãîãðàííèê ñ ãëàâíûìè âåðøèíàìè mrk

(k = 1, 2, . . . ,M).

Äëÿ çàäàííîãî âïîëíå ïðàâèëüíîãî ìíîãîãðàííèêàN îáîçíà÷èì PN(ξ) :=
1 +

∑M
k=1(ξ

2)r
k

.

Ëåãêî ïðîâåðÿþòñÿ ñëåäóþùèå äâå ëåììû.

Ëåììà 2.1. Äëÿ ïðîèçâîëüíîãî n�ìåðíîãî âïîëíå ïðàâèëüíîãî ìíîãî-
ãðàííèêà N è ÷èñëà q > 0 âûðàæåíèÿ PN(ξ)

q
è PqN(ξ) ýêâèâàëåíòíû, ò.å.

ñ íåêîòîðûìè ïîñòîÿííûìè C1, C2 > 0 âûïîëíÿåòñÿ ñîîòíîøåíèå

C1P
q
N
(ξ) ≤ PqN(ξ) ≤ C2P

q
N
(ξ) ∀ξ ∈ Rn. (2.1)

Ëåììà 2.2. Åñëè äëÿ äâóõ n�ìåðíûõ âïîëíå ïðàâèëüíûõ ìíîãîãðàí-
íèêîâ N è M âûïîëíÿåòñÿ óñëîâèå N ⊂ M, òî ñ íåêîòîðîé ïîñòîÿííîé
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Õà÷àòóðÿí Ì.À. 147

C > 0
PN(ξ) ≤ CPM(ξ) ∀ξ ∈ Rn. (2.2)

Îïðåäåëåíèå 2.1. Ìóëüòèàíèçîòðîïíîå ïðîñòðàíñòâî Ñîáîëåâà äðîá-

íîãî ïîðÿäêà WN
2 (Rn) îïðåäåëÿåòñÿ êàê ìíîæåñòâî

WN

2 (Rn) := {u : u ∈ L2(R
n),

√

PN(ξ)F [u](ξ) ∈ L2(R
n)},

íàäåëåííîå íîðìîé

‖u‖WN
2 (R2) =





∫

R2

PN(ξ)|F [u](ξ)|
2 dξ





1
2

. (2.3)

Îòìåòèì, ÷òî åñëè ãëàâíûìè âåðøèíàìè ìíîãîãðàííèêà N ÿâëÿþòñÿ

ìóëüòèèíäåêñû αk ∈ Z+
n , òî äàííîå íàìè îïðåäåëåíèå äðîáíîãî ìóëüòèàíè-

çîòðîïíîãî ïðîñòðàíñòâà ñîâïàäàåò ñ êëàññè÷åñêèì îïðåäåëåíèåì ìóëüòè-

àíèçîòðîïíîãî ïðîñòðàíñòâà Ñîáîëåâà äëÿ öåëî÷èñëåííûõ ïðîèçâîäíûõ:

WN

2 (Rn) := {f : f ∈ L2(R
n), Dα(k)

f ∈ L2(R
n) ∀k = 1, 2, . . . ,M},

íàäåëåííîå ýêâèâàëåíòíîé ê âûðàæåíèþ (2.3) íîðìîé

‖f‖WN
2 (Rn) = ‖f‖L2(Rn) +

M
∑

k=1

‖Dα(k)

f‖L2(Rn).

Îòìåòèì, ÷òî äëÿ ëþáîãî n�ìåðíîãî âïîëíå ïðàâèëüíîãî ìíîãîãðàííè-
êà N, WN

2 (Rn) ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì è ìíîæåñòâî �óíêöèé

C∞
0 (Rn) ïëîòíî â WN

2 (Rn) (ñì. [11℄).

� 3. Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü N0 ⊂ R2
âïîëíå ïðàâèëüíûé äâóõìåðíûé ìíîãîãðàííèê, q ∈

(0, 1) íåêîå ðàöèîíàëüíîå ÷èñëî, s0 è l íàòóðàëüíûå ÷èñëà, òàêèå ÷òî

0 < s0 < l. Áóäåì ðàññìàòðèâàòü òðåõìåðíûé âïîëíå ïðàâèëüíûé ìíî-

ãîãðàííèê N ⊂ R3
, ñ âåðøèíîé (0, 0, l) è òàêîé, ÷òî âñå îñòàëüíûå ãëàâ-

íûå âåðøèíû ìíîãîãðàííèêà ëåæàò íà ñå÷åíèÿõ N ïëîñêîñòÿìè x3 = s0 è
x3 = 0 à ñå÷åíèÿ ýòè â ñâîþ î÷åðåäü ðàâíû ñîîòâåòñòâåííî ìíîãîãðàííè-

êàì qN0 è N0. Íåòðóäíî çàìåòèòü, ÷òî â ñèëó âûïóêëîñòè ìíîãîãðàííèêà

N èìååì, ÷òî

l ≤
s0

1− q
. (3.1)
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148 Òåîðåìû âëîæåíèÿ ðàçíûõ èçìåðåíèé

Äëÿ çàäàííîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà s < l ÷åðåç Ns îáîçíà÷èì

ïðîåêöèþ íà ïëîñêîñòü x3 = 0 ñå÷åíèÿ ìíîãîãðàííèêàN ïëîñêîñòüþ x3 = s
è ïîëîæèì As := msNs, ãäå

ms :=























1−
1− q

2(s0 − (1− q)s)
, åñëè 0 ≤ s < s0,

1−
1

2(l − s)
, åñëè s0 ≤ s < l.

Òåîðåìà 3.1. Ïóñòü f ∈ WN

2 (R3) ïðîèçâîëüíàÿ �óíêöèÿ è s: 0 ≤ s < l
öåëîå ÷èñëî. Òîãäà äëÿ ïî÷òè âñåõ a ∈ R Ds

x3
f
∣

∣

x3=a
∈ WAs

2 (R2) ïðè÷åì
ñ íåêîòîðîé ïîñòîÿííîé C > 0, íå çàâèñÿùàÿ îò �óíêöèè f è ÷èñëà a,
âûïîëíÿåòñÿ îöåíêà

‖Ds
x3
f
∣

∣

x3=a
‖WAs

2 (R2) ≤ C‖f‖WN
2 (R3).

Òåîðåìà 3.2. Ïóñòü f ∈ WN

2 (R3), s: 0 ≤ s < l öåëîå ÷èñëî, a ∈ R,

E(a): ìíîæåñòâî òåõ ε ∈ R, äëÿ êîòîðûõ Ds
x3
f
∣

∣

x3=a+ε
∈ WAs

2 (R2). Òîãäà

ñóùåñòâóåò �óíêöèÿ ϕs ∈ WAs

2 (R2) òàêàÿ, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå

ñîîòíîøåíèÿ

lim
ε→0

ε∈E(a)

‖Ds
x3
f
∣

∣

x3=a+ε
− ϕs‖WAs

2 (R2) = 0,

‖ϕs‖WAs
2 (R2) ≤ C‖f‖WN

2 (R3),

ãäå C > 0 êîíñòàíòà, íå çàâèñÿùàÿ îò �óíêöèè f è ÷èñëà a. Ïðè÷åì åñëè

Ds
x3
f
∣

∣

x3=a
∈ WAs

2 (R2), òî ϕs è D
s
x3
f
∣

∣

x3=a
ñîâïàäàþò.

Òåîðåìà 3.3. Äëÿ ëþáîãî çàäàííîãî íàáîðà �óíêöèé ϕs ∈ WAs

2 (R2),
s = 0, 1, . . . , l − 1, ÷èñëà a ∈ R ñóùåñòâóåò �óíêöèÿ f ∈ WN

2 (R3), óäîâëå-
òâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì:

lim
ε→0

‖Ds
x3
f
∣

∣

x3=a+ε
− ϕs‖WAs

2 (R2) = 0,

‖f‖WN
2 (R3) ≤ C

l−1
∑

s=0

‖ϕs‖WAs
2 (R2),

ãäå C > 0 êîíñòàíòà, íå çàâèñÿùàÿ îò íàáîðà �óíêöèé {ϕs}.

� 4. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ
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Çàìå÷àíèå 4.1. Â äàëüíåéøåì äëÿ ïðîñòîòû çàïèñè áóäåì îïóñêàòü

êîý��èöèåíò 1/(2π)
n
2
â ïðåîáðàçîâàíèè Ôóðüå, òàê êàê ýòî áóäåò âëèÿòü

ëèøü íà êîíñòàíòó C â �îðìóëèðîâêàõ òåîðåì.

Òåîðåìà 4.1. Ïóñòü u ∈ C∞
0 (R3) ïðîèçâîëüíàÿ �óíêöèÿ, s: 0 ≤ s < l

öåëîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó 0 ≤ s < l. Òîãäà ñóùåñòâóåò

C > 0, òàêîå ÷òî äëÿ ïðîèçâîëüíîé a ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî

‖Ds
x3
u
∣

∣

x3=a
‖WAs

2 (R2) ≤ C‖u‖WN
2 (R3). (4.1)

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ íîðìû â ïðîñòðàíñòâåWAs

2 (R2) èìå-
åì

‖Ds
x3
u
∣

∣

x3=a
‖2
WAs

2 (R2)
=

∫

R2

PAs
(ξ′)|Fx′[Ds

x3
u](ξ′, a)|2 dξ′, (4.2)

ãäå ξ′ = (ξ1, ξ2). Èç ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå èìååì, ÷òî

Fx′ [Ds
x3
u](ξ′, x3) =

+∞
∫

−∞

(iξ3)
sF [u](ξ′, ξ3)e

ix3ξ3 dξ3. (4.3)

�àññìîòðèì äâà ñëó÷àÿ. 1) Ñëó÷àé 0 ≤ s < s0. Èç ïðåäñòàâëåíèÿ (4.3)

ïîëó÷èì

Fx′[Ds
x3
u](ξ′, a) =

+∞
∫

−∞

eiaξ3
(

PNs
(ξ′) + PqN0(ξ

′)ξ
2(s0−s)
3

)1/2

× (iξ3)
s
(

PNs
(ξ′) + PqN0(ξ

′)ξ
2(s0−s)
3

)1/2

· F [u](ξ′, ξ3) dξ3.

Ïðèìåíÿÿ íåðàâåíñòâî �¼ëäåðà è ó÷èòûâàÿ, ÷òî ñîãëàñíî ëåììå 2.2 ñ íåêî-

òîðîé ïîñòîÿííîé C1 > 0 âûïîëíÿeòñÿ íåðàâåíñòâo

ξ2s3 (PNs
(ξ′) + PqN0(ξ

′)ξ
2(s0−s)
3 ) ≤ C1PN(ξ) ∀ξ ∈ R3,

ïîëó÷èì

|Fx′[Ds
x3
u](ξ′, a)|2 ≤

C1 ·

+∞
∫

−∞

1

PNs
(ξ′) + PqN0(ξ

′)ξ
2(s0−s)
3

dξ3 ·

+∞
∫

−∞

PN(ξ)|F [u](ξ
′, ξ3)|

2 dξ3.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 144-155

Mat. Trudy, 2024, vol. 27, no. 2, pp. 144-155



150 Òåîðåìû âëîæåíèÿ ðàçíûõ èçìåðåíèé

Òàê êàê

qN0 =
qs0

s0 − (1− q)s
Ns,

òî â ñèëó ëåììû 2.1 ñ íåêîòîðîé êîíñòàíòîé C2 > 0 èìååì

|Fx′[Ds
x3
u](ξ′, a)|2 ≤

C1 ·

+∞
∫

−∞

1

PNs
(ξ′) + C2PNs

(ξ′)
qs0

s0−(1−q)s ξ
2(s0−s)
3

dξ3 ·

+∞
∫

−∞

PN(ξ)|F [u](ξ
′, ξ3)|

2 dξ3.

�àññìîòðèì ïåðâûé èíòåãðàë. Òàê êàê ÷èñëà s0 è s öåëûå è s < s0, òî
2(s0−s) > 1 è ýòîò èíòåãðàë ñõîäèòñÿ. Ïðîèçâîäÿ â íåì çàìåíó ïåðåìåííîé

τ = PNs
(ξ′)

−
1−q

2(s0−(1−q)s) ξ3 è ó÷èòûâàÿ ýêâèâàëåíòíîñòü âûðàæåíèé PAs
(ξ′) è

PNs
(ξ′)ms

, îêîí÷àòåëüíî ñ íåêîòîðîé ïîñòîÿííîé C > 0 ïîëó÷èì

|Fx′[Ds
x3
u](ξ′, a)|2 ≤

C

PAs
(ξ′)

·

+∞
∫

−∞

PN(ξ)|F [u](ξ
′, ξ3)|

2 dξ3. (4.4)

Èç (4.4) è (4.2) íåìåäëåííî ñëåäóåò (4.1).

2) Ñëó÷àé s0 ≤ s < l. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íûì îáðà-

çîì ñ òîé ðàçíèöåé, ÷òî â ïðåäñòàâëåíèè (4.3) íóæíî óìíîæèòü è äåëèòü

íà âûðàæåíèå

(

PNs
(ξ′) + ξ

2(l−s)
3

)
1
2

.

Òåîðåìà 4.2. Äëÿ ïðîèçâîëüíîãî íàáîðà �óíêöèé ϕs ∈ S(R2), s =
0, 1, . . . , l − 1, ÷èñëà a ∈ R ñóùåñòâóåò �óíêöèÿ u ∈ S(R3), óäîâëåòâîðÿþ-
ùàÿ ñëåäóþùèì óñëîâèÿì:

Ds
x3
u
∣

∣

x3=a
= ϕs, s = 0, 1 . . . l − 1, (4.5)

‖u‖WN
2 (R3) ≤ C

l−1
∑

s=0

‖ϕs‖WAs
2 (R2), (4.6)

ãäå C > 0 êîíñòàíòà, íåçàâèñÿùàÿ îò íàáîðà �óíêöèé {ϕs} è ÷èñëà a.

Äîêàçàòåëüñòâî. Áåç ïîòåðè îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî a = 0.
Ïóñòü ψs ∈ C∞

0 (R), s = 0, 1, . . . , l − 1 �óíêöèè, äëÿ êîòîðûõ ψ
(j)
s (0) = 0

∀j < l, j 6= s è ψ
(s)
s (0) = 1. Ââåäåì �óíêöèè

fs(x1, x2, x3) := F−1
ξ′ [ψs(x3 · PNs

(ξ′)1−ms)PNs
(ξ′)−s(1−ms)F [ϕs](ξ

′)]

s = 0, 1, . . . , l − 1,
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ïðèíàäëåæàùèõ ïðîñòðàíñòâó S(R3). Ëåãêî ïðîâåðèòü, ÷òî �óíêöèè fs
óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

Dj
x3
fs(x)

∣

∣

x3=0
= 0, äëÿ ∀j < l, j 6= s

Ds
x3
fs(x)

∣

∣

x3=0
= ϕs(x

′).

Ïîêàæåì, ÷òî ñóùåñòâþò êîíñòàíòû Cs > 0, s = 0, 1, . . . , l − 1, òàêèå ÷òî

‖fs‖WN
2 (R3) ≤ Cs · ‖ϕs‖WAs

2 (R2). (4.7)

Äëÿ ïðåîáðàçîâàíèÿ Ôóðüå �óíêöèè fs èìååì

F [fs](ξ) =

∫

R3

e−ixξF−1
ξ′ [ψs(x3PNs

(ξ′)1−ms)F [ϕs](ξ
′)PNs

(ξ′)−s(1−ms)] dx

= F [ϕs](ξ
′)PNs

(ξ′)−s(1−ms)

∫

R

e−ix3ξ3ψs(x3PNs
(ξ′)1−ms) dx3.

Â ïîñëåäíåì èíòåãðàëå ïðîèçâîäÿ çàìåíó τ = x3PNs
(ξ′)1−ms

, ïîëó÷èì

F [fs](ξ) = F [ϕs](ξ
′)PNs

(ξ′)−(s+1)(1−ms)

∫

R

e−iτξ3PNs(ξ
′)−(1−ms)

ψs(τ) dτ

= F [ϕs](ξ
′)PNs

(ξ′)−(s+1)(1−ms)F [ψs]
(

ξ3PNs
(ξ′)−(1−ms)

)

.

Îòñþäà äëÿ WN

2 (R3)-íîðìû �óíêöèè fs ïîëó÷èì

‖fs‖
2
WN

2 (R3) =

∫

R3

PN(ξ)|F [fs](ξ)|
2 dξ ≤

∫

R2

|F [ϕs](ξ
′)|2PNs

(ξ′)−2(1+s)(1−ms)

×





∫

R

(PN0(ξ
′) + ξ2s03 PNs0

(ξ′) + ξ2l3 )
∣

∣F [ψs]
(

ξ3PNs
(ξ′)−(1−ms)

)∣

∣ dξ3



 dξ′.

(4.8)

Ïî îäòåëüíîñòè ðàññìîòðèì ñëåäóþùèå äâà ñëó÷àÿ.

1) Ñëó÷àé 0 ≤ s < s0. Ó÷èòûâàÿ ñîîòíîøåíèÿ

N0 =
2s0(1−ms)

1− q
Ns, Ns0 =

2qs0(1−ms)

1− q
Ns

ïîëó÷èì, ÷òî ñ íåêîòîðîé ïîñòîÿííîé A0 > 0 äëÿ ∀ξ ∈ R3
âûïîëíÿåòñÿ

îöåíêà

PN0(ξ
′) + ξ2s03 PNs0

(ξ′) + ξ2l3
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≤ A0

(

PNs
(ξ′)

2s0(1−ms)
1−q + ξ2s03 PNs

(ξ′)
2qs0(1−ms)

1−q + ξ2l3

)

. (4.9)

Ïîäñòàâëÿÿ îöåíêó (4.9) â (4.8) è âî âíóòðåííåì èíòåãðàëå ïðîèçâîäÿ çà-

ìåíó ïåðåìåííîé

τ = ξ3PNs
(ξ′)−(1−ms), (4.10)

ïîëó÷èì

‖fs‖
2
WN

2 (R3) ≤

A0

∫

R2

|F [ϕs](ξ
′)|2



PNs
(ξ′)q1

∫

R

|F [ψs](τ)|
2dτ + PNs

(ξ′)q2
∫

R

τ 2s0 |F [ψs](τ)|
2 dτ

+PNs
(ξ′)q3

∫

R

τ 2l|F [ψs](τ)|
2dτ



 dξ′, (4.11)

ãäå ïîêàçàòåëè q1, q2, q3 ñîîòâåòñòâåííî ðàâíû

q1 = −2(s+ 1)(1−ms) + (1−ms) +
2s0(1−ms)

1− q
= ms, (4.12)

q2 = −2(s+1)(1−ms)+(1−ms)+2s0(1−ms)+
2qs0(1−ms)

1− q
= ms, (4.13)

q3 = −2(s+ 1)(1−ms) + (1−ms) + 2l(1−ms)

= ms + 2(1−ms)(l − s)− 1 = ms +
(1− q)(l − s)

s0 − (1− q)s
− 1

= ms +
l − s
s0

1− q
− s

− 1, (4.14)

îòêóäà ñîãëàñíî (3.1)

q3 ≤ ms. (4.15)

Èç (4.12)�(4.15), ó÷èòûâàÿ ýêâèâàëåíòíîñòü Pms

Ns
(ξ′) è PAs

(ξ′), íåìåäëåííî
ñëåäóåò îöåíêà (4.7).

2) Ñëó÷àé s0 ≤ s < l. Èç îïðåäåëåíèÿ ìíîãîãðàííèêà N è åãî âïîëíå

ïðàâèëüíîñòè èìååì

N0 ⊂
l

l − s
Ns, Ns0 =

l − s0
l − s

Ns. (4.16)
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Â ñèëó (4.16) ñ íåêîòîðîé ïîñòîÿííîé A1 > 0 ïðè ∀ξ ∈ R3
èìååì

PN0(ξ
′) + ξ2s03 PNs0

(ξ′) + ξ2l3

≤ A1

(

PNs
(ξ′)

l
l−s + ξ2s03 PNs

(ξ′)
l−s0
l−s + ξ2l3

)

. (4.17)

Ïîäñòàâëÿÿ (4.17) â (4.8) è ñíîâà ïðîèçâîäÿ çàìåíó ïåðåìåííîé (4.10),

ïîëó÷èì îöåíêó (4.11) ñ ïîñòîÿííîé A1 âìåñòî A0 è ñ ïîêàçàòåëÿìè q1, q2,
q3, ãäå

q1 = −2(s+ 1)(1−ms) + (1−ms) +
l

l − s
= ms

q2 = −2(s+ 1)(1−ms) + (1−ms) + 2s0(1−ms) +
l − s0
l − s

= ms

q3 = −2(s+ 1)(1−ms) + (1−ms) + 2l(1−ms) = ms.

Òàê êàê q1 = q2 = q3 = ms, òî êàê è â ñëó÷àå 1) âûòåêàåò âûïîëíåíèå

îöåíêè (4.7) ñ ïîñòîÿííîé Cs > 0.
Íåòðóäíî ïðîâåðèòü, ÷òî �óíêöèÿ u(x) :=

∑l−1
s=0 fs(x) óäîâëåòâîðÿåò

ñîîòíîøåíèÿì (4.5), (4.6) ñ êîíñòàíòîé C = max
0≤s<l

Cs.

Äîêàçàòåëüñòâî òåîðåì 3.1�3.3 ïðîâîäèòñÿ àíàëîãè÷íûì îáðàçîì êàê

ýòî ñäåëàíî â ðàáîòå [11℄ èñïîëüçóÿ òåîðåìû 4.1 è 4.2.
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